Finite elementsimulationof acoustidieldswith Diffpack
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1 Intr oduction

This article reportssomepreliminaryresultsin the developmentof a finite elementsimulatorfor ultrasonicfields
usingthe numericalprogrammindibrary Diffpack. In our presentwork, we arecombiningthe studyof linearly—
basedimited diffraction beamgBesselbeamsand X—Waves)with the developmentof a finite elementpackage
for analysisof linearandnonlineamediain orderto comparehow suchwavesbehaein thetwo cases.

2 PropagationModels, BesseBeamsand X—Waves
Bessebeamd1] andX-Waves[2] arelimited diffractionsolutionsto thelosslesdinearwave equation
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in which ¢ is the speedf sound.Onevariantof BessebeamsandX-Wavesarethoseof orderzero
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Theseexhibit circular symmetryandarethereforewell suitedto implementatioron annulararrays.Hereag is a
constantw is the frequeng, r is the distancefrom the centerlineof the transducerz is the propagatiordistance
from the transducesurface,and ¢, o aredesignparametersvith § = /(w/c)? — a?. See[3, 4, 5] for details
of designandimplementation.For the purposesf simulation,we usethe real partsof (2), (3) to generatehe
transducesurfacepressureexcitationat z = 0. The domainof computationis takento be abox Q2 € R® over
positive time andwith initial condition

p(l';to) = Po, T € Q7 (4)
Bat)=0, zeq, (5)

wherepy is the steadystate(atmosphericpressure.The boundarydf? of the domain(2 is thendivided into two
parts,0Q1 andof2- suchthatdQ is the partof theboundaryonwhich the ultrasoundransduceis located and
0. istheremainder Thewavesin (2,3) aregeneratedn thetransducef)r, andin thelatterregion we adopta
first ordernon-reflectingooundary[6]
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Thelongtermobjective of our work is thento comparehow the Bessebeamsand X—Wavesbehare underthe
idealisedosslesdinearconditionsof (1) andthe morecomplex lossynonlineampropagatiorconditionsdefinedin
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Here,p is thevelocity potential,pq is thedensityandb, Cy, Cs andC5 aregivenconstants.

3 Numerical Method

Our approachis to usea Galerkinfinite elementmethodin the spacedomain,combinedwith a finite difference
approximatiorof thetime derivatives. Considerthe linearmodel(1). Assumethatp™ = p"(x) is the pressuret
timet,, = n - At. Thenasemi-discretémplicit schemdor the problemis givenby

v2pn+1 _ (pn+1 _ 2pn +pn_1) = 0, €T € Q. (8)
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Assumenow that{N;}!" , is afinite elementbasisfor the solutionspacesuchthatp™(z) = 3, p;N;, andapply
integrationby partsto the secondrderderivative in spaceusingthe non—reflectingooundarycondition(6). This
yieldsasetof m equationdor the unknowns:
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Heretheinnerproduct(u, v) is definedastheintegral of thefunctionsu andv overthe solutiondomain

(u,v) =/qudx

For thelinear case the problemthenformulatesinto a linear problemof thetype Az = b ateachtimestepwhich
is solvedwith e.g.a Krylow subspacenethodsuchas ConjugateGradients.For the nonlinearcase we obtaina
nonlineardiscreteproblemwhichis solvedwith aniterative method e.g.Newton—Raphsoiterations,ateachtime
step.

4 Diffpack Simulator

Thesimulatoris implementedisingthenumericalFinite Elementcomputationalibrary Diffpack[9. Thispackage
is well suitedto thesimulationof ultrasoundieldsdueto its versatilityin structureandadaptabilityto simulationof
differentpropagatiorconditions.The simulatoris implementedasa classin C++, derivedfrom the Finite Element
solver classin Diffpack,andhandlesboth pulsedandcontinuousvave 3D simulations.Inhomogeneoumediais
handledby introducingthe speedf soundc asafield over thefinite elementgrid.

5 Results,Conclusionand Further Work

As examplesof the linear work we illustrate small scalenearfieldsimulationsfor pulsedBesselbeamg7-lobes)
andX-Wavesfrom a6mmdiametettransducerThefieldsaresolvedin anR? box measuringlOmmwide x 10mm
high x 7mm deep. For the X—Wave, we useag = 0.05mm [2] and{ = 15°. Usinga 2.5MHz transducein
water(speedof sounde = 1540m/s), producesa wavelengthA = 0.61mm. Thefinite elementgrid wasdefined
to provide 10 times oversamplingof this wavelength,needingapproximately2.25 - 108 nodes. The solver then
requiresl140MB of memoryto solve this problem.Thetime stepis setsuchthatthewave is sampledat 20 times
thefrequeng, which givesAt = 2.0 - 10~2 for thegivennominalfrequeng of 2.5MHz.



(a) Bessebeam (b) X-Wave

Figurel: Snapshotef pulsedbeamsDirectionof travel : bottomright to top left

In Figureslaand1b we shav snapshot®f the pulsedBesselbeamsand X-Wavestraveling throughhomo-
geneousnedia. The figuresdepictx—y planecutsthroughthe centerof the transduceffor eachcase. We note
featuressuchastrailing ripplesbehindthe main pulsewhich arenot predictedby continuous-vave solutions(2)
and(3). The cputime usedto solve the problemfor the pulsedBesselBeamtravelling throughthe domainwas
1.66hoursandfor the X—Wave was4.35hours. In Figures2aand?2b, the maximumfield intensityat eachpoint
in spacdor the samepulseshaving passedhroughaninhomogeneoumediaboundaryaregiven. Here,a change
in mediafrom humanfat ( ) to muscle( ) is includedin the form of anabruptbound-
ary changeangledat 45 degreesfrom bottomright to top left. In both caseghe diffraction effectsat the media
boundaryarevisible. Notably we obsene the nondiffracting propertyof the Besselbeamcloseto the transducer
surfacedegradingconsiderablyuponimpactwith the mediaboundary This propertyis notevidenteitherfrom the
continuouswave solutionsto the homogeneousave equation(1). Our initial resultsthereforesuggesthatfinite
elementsxhibit strongpotentialfor flexible andrealisticsimulationof ultrasoundpulses althoughtechniquego

reducethe memorydemand®f the currentsolver alsoneedto beinvestigatedn orderto enablesolutionof larger
scalesimulations.

(a) Bessebeam (b) X-Wave

Figure2: Maximumintensitiesin inhomogeneoumedia.Direction of travel : bottomto top

References

[1] J.Durnin. Exactsolutionsfor nondiffractingbeams.J. Opt. Soc. Am, 4(4),1987.

[2] J.-Y. Lu andJ.F Greenleaf. Nondiffracting x—waves— exact solutionsto free—spacescalarwave equation
andtheirfinite aperturerealizations.|EEE Transaction on Ultrasonics, Ferroelectrics and Frequency control,
39(1),1992.



[3] J.-Y. Lu. Designingimited diffractionbeamsI|EEE Transaction on Ultrasonics, Ferroelectrics and Frequency
control, 44(1),1997.

[4] S.Holm. Besselandconicalbeamsandapproximationin annulararrays. |EEE Transaction on Ultrasonics,
Ferroelectrics and Frequency control, 45(3),1998.

[5] PD.FoxandS.Holm. Effectsof parametemismatchin ultrasonicbhessetransducersProc. |EEE Norwegian
Sgnal Processing Symposium NORS G’ 99, 1999.

[6] Bjorn Engquistand Andrew Majda. Absorbingboundaryconditionsfor the numericalsimulationof waves.
Mathematics of computation, 31(139),1977.

[7] S.Makaror andM. Ochmann. Nonlinearandthermaviscousphenomenan acousticsparti. ACUSTICA -
acta acustica, 82,1996.

[8] S.Makarosr andM. Ochmann.Nonlinearandthermaoriscousphenomenan acousticspartii. ACUSTICA -
acta acustica, 83,1997.

[9] HansPetterLangtangen. Computational Partial Differential Equations, Numerical methods and Diffpack
programming, volume2 of Lecture notes in computational science and engineering. SpringerVerlag,1999.



