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1 Intr oduction

This articlereportssomepreliminaryresultsin thedevelopmentof a finite elementsimulatorfor ultrasonicfields
usingthenumericalprogramminglibrary Diffpack. In our presentwork, we arecombiningthestudyof linearly–
basedlimited diffraction beams(BesselbeamsandX–Waves)with the developmentof a finite elementpackage
for analysisof linearandnonlinearmediain orderto comparehow suchwavesbehave in thetwo cases.

2 PropagationModels,BesselBeamsand X–Waves

Besselbeams[1] andX-Waves[2] arelimited diffractionsolutionsto thelosslesslinearwaveequation���������	 � 
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Theseexhibit circularsymmetryandarethereforewell suitedto implementationon annulararrays.Here
G ) is a

constant,̀ is the frequency, # is thedistancefrom thecenterlineof the transducer, % is thepropagationdistance
from the transducersurface,and

O
, , aredesignparameterswith a 
cb � `ed 	 � � � , � . See[3, 4, 5] for details

of designandimplementation.For the purposesof simulation,we usethe real partsof (2), (3) to generatethe
transducersurfacepressureexcitationat %�
f� . The domainof computationis taken to be a box
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where
� ) is thesteadystate(atmospheric)pressure.Theboundary
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of the domain

�
is thendivided into two

parts,
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suchthat
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is thepartof theboundaryonwhich theultrasoundtransduceris located,and
n��l m
is theremainder. Thewavesin (2,3)aregeneratedon thetransducer
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first ordernon-reflectingboundary[6] 
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Thelongtermobjectiveof our work is thento comparehow theBesselbeamsandX–Wavesbehave underthe
idealisedlosslesslinearconditionsof (1) andthemorecomplex lossynonlinearpropagationconditionsdefinedin
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Here,
q

is thevelocitypotential,{ ) is thedensityand � � s u � s � and s h aregivenconstants.

3 Numerical Method

Our approachis to usea Galerkinfinite elementmethodin the spacedomain,combinedwith a finite difference
approximationof thetime derivatives.Considerthe linearmodel(1). Assumethat
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time
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Assumenow that �9�F���9��N� u is a finite elementbasisfor thesolutionspacesuchthat
�;� ��� �Q��� � � �-�@� � andapply

integrationby partsto thesecondorderderivative in space,usingthenon–reflectingboundarycondition(6). This
yieldsasetof

H
equationsfor theunknowns:
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Heretheinnerproduct �-�.� ^=� is definedastheintegralof thefunctions� and
^

over thesolutiondomain
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For thelinearcase,theproblemthenformulatesinto a linearproblemof thetype � ��
 � at eachtimestep,which
is solvedwith e.g.a Krylow subspacemethodsuchasConjugateGradients.For the nonlinearcase,we obtaina
nonlineardiscreteproblemwhich is solvedwith aniterativemethod,e.g.Newton–Raphsoniterations,ateachtime
step.

4 Diffpack Simulator

Thesimulatoris implementedusingthenumericalFiniteElementcomputationallibrary Diffpack[9]. Thispackage
is well suitedto thesimulationof ultrasoundfieldsdueto its versatilityin structureandadaptabilityto simulationof
differentpropagationconditions.Thesimulatoris implementedasaclassin C++,derivedfrom theFiniteElement
solver classin Diffpack,andhandlesbothpulsedandcontinuouswave 3D simulations.Inhomogeneousmediais
handledby introducingthespeedof sound	 asa field over thefinite elementgrid.

5 Results,Conclusionand Further Work

As examplesof the linearwork we illustratesmall scalenearfieldsimulationsfor pulsedBesselbeams(7-lobes)
andX-Wavesfrom a6mmdiametertransducer. Thefieldsaresolvedin an

�"h
boxmeasuring10mmwidex 10mm

high x 7mm deep. For the X–Wave, we use
G ) 
 � _ �+¡ HpH [2] and

O 
 � ¡*¢ . Using a 2.5MHz transducerin
water(speedof sound	 
 � ¡$£+� H d A ), producesa wavelength¤ 
¥� _ ¦ � HpH . Thefinite elementgrid wasdefined
to provide 10 timesoversamplingof this wavelength,needingapproximately

� _ � ¡ � � �*§ nodes.The solver then
requires1140MBof memoryto solve this problem.Thetime stepis setsuchthatthewave is sampledat 20 times
thefrequency, whichgives

� � 
 � _ � � � � 8k¨ for thegivennominalfrequency of 2.5MHz.



(a)Besselbeam (b) X–Wave

Figure1: Snapshotsof pulsedbeams.Directionof travel : bottomright to top left

In Figures1a and1b we show snapshotsof the pulsedBesselbeamsandX-Wavestraveling throughhomo-
geneousmedia. The figuresdepictx–y planecuts throughthe centerof the transducerfor eachcase. We note
featuressuchastrailing ripplesbehindthemainpulsewhich arenot predictedby continuous-wave solutions(2)
and(3). The cpu time usedto solve the problemfor the pulsedBesselBeamtravelling throughthe domainwas
1.66hoursandfor theX–Wave was4.35hours. In Figures2aand2b, themaximumfield intensityat eachpoint
in spacefor thesamepulseshaving passedthroughaninhomogeneousmediaboundaryaregiven.Here,a change
in mediafrom humanfat ( ©Fª¬«1­+®+¯B°�±³² ) to muscle( ©Fªg«C´+¯=«1°�±³² ) is includedin the form of anabruptbound-
ary changeangledat 45 degreesfrom bottomright to top left. In both casesthe diffraction effectsat the media
boundaryarevisible. Notablywe observe thenondiffractingpropertyof theBesselbeamcloseto thetransducer
surfacedegradingconsiderablyuponimpactwith themediaboundary. Thispropertyis notevidenteitherfrom the
continuouswave solutionsto thehomogeneouswave equation(1). Our initial resultsthereforesuggestthatfinite
elementsexhibit strongpotentialfor flexible andrealisticsimulationof ultrasoundpulses,althoughtechniquesto
reducethememorydemandsof thecurrentsolveralsoneedto beinvestigatedin orderto enablesolutionof larger
scalesimulations.

(a)Besselbeam (b) X–Wave

Figure2: Maximumintensitiesin inhomogeneousmedia.Directionof travel : bottomto top
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