
FINITE ELEMENT MODELLING OF PULSED BESSEL BEAMS AND X–WAVES
USING DIFFPACK

ÅsmundØdegård,PaulD Fox, SverreHolm, AslakTveito

Departmentof Informatics
Universityof Oslo
P.O.Box1080,Blindern
N-0316Oslo,Norway

INTRODUCTION

Thisarticlereportssomepreliminaryresultsin thedevelopmentof afinite elementsim-
ulatorfor ultrasonicfieldsusingthenumericalprogramminglibrary Diffpack. In our present
work, wearecombiningthestudyof linearly–basedlimited diffractionbeams(Besselbeams
andX–Waves)with the developmentof a finite elementpackagefor analysisof linear and
nonlinearmediain orderto comparehow suchwavesbehave in thetwo cases.Themedium
may be eitherhomogeneousor inhomogeneous.The main contentof this paperis on the
linear model, but we also include somerecentdevelopmentson propagationin nonlinear
medium.

PROPAGATION MODELS, BESSELBEAMS AND X–WAVES

Besselbeams(Durnin,1987)andX-Waves(Lu andGreenleaf,1992)arelimited diffrac-
tion solutionsto thelosslesslinearwaveequation������� �� � 	 � �	�
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Theseexhibit circularsymmetryandarethereforewell suitedto implementationon annular
arrays. Here

B ( is a constant,_ is the frequency, ! is the distancefrom the centerline of
thetransducer, $ is thepropagationdistancefrom thetransducersurface,and

K
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parameterswith ` � E � _�a � � � � + � . See(Lu, 1997;Holm, 1998;Fox andHolm, 1999)for
detailsof designandimplementation.For thepurposesof simulation,we usethe realparts
of (2), (3) to generatethe transducersurfacepressureexcitation at $b�c� . The domainof
computationis takento beabox
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where
� ( is thesteadystate(atmospheric)pressure.Theboundary

	i�
of thedomain

�
is then

dividedinto two parts,
	i�fj

and
	G�fj\k

suchthat
	i�fj

is thepartof theboundaryonwhich the
ultrasoundtransduceris located,and

	i�fj\k
is theremainder. Thewavesin (2,3)aregenerated

on thetransducer
�fj

, andin thelatter region we adopta first ordernon-reflectingboundary
(EngquistandMajda,1977) 	 �	il � � �� 	 �	�
 � � �h	i�fjDk (6)

The longtermobjective of our work is thento comparehow theBesselbeamsandX–
Waves behave underthe idealisedlosslesslinear conditionsof (1) and the more complex
lossynonlinearpropagationconditionsdefinedin (Makarov andOchmann,1996;Makarov
andOchmann,1997)by thesystem���nmh� �� � 	 � m	�
 � L �� � 		�
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Here,
m

is thevelocity potential, |)( is thedensity,
w

is theabsorptionparameterand
= aTq is

thenonlinearityparameter. Theproblemis solvedonsomedomain
����� e

for positivetime.
By ignoringthenonlineartermsandthelossytermin therelation(8), wegetthesimpler

relation �y�{� (���|)( 	 m	�
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which maybeusedasa replacementfor thepressure— velocity potentialrelation(8). We
assumethat thesystemis at restinitially. Further, we maycombinethe initial conditionfor
thepressure(4) andthepressure— velocity potentialrelation(11) to obtaina secondinitial
conditionfor thevelocitypotential,m �g��� 
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On the transducerboundary
	i�fj

, we combinethe relation(11) andthe wave–expres-
sions(2,3) to settheboundaryconditionin termsof thevelocity potential

m ]
Sincethenon-

linearmodelis anextensionof thelinearmodel,we alsoadopttheabsorbingboundarycon-
dition (6) on therestof theboundary,

	i�fj\k
, for thenonlinearmodel,i.e	 m	�l � �
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NUMERICAL METHOD

Ourapproachis to useaGalerkinfinite elementmethodin thespacedomain,combined
with a finite differenceapproximationof thetime derivatives.Considerthelinearmodel(1).
Assumethat

��� � ��� ��� � is thepressureat time
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Thenasemi-discreteschemefor
theproblemis givenby� � � � � �� � � 
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Assumenow that �*�����@���� � is a finite elementbasisfor thesolutionspacesuchthat
��� �g� ���� � � �g��� ] Multiply (15)with � 0 andapplyintegrationby partsto thesecondorderderivative

in space,usingthenon–reflectingboundarycondition(6). This yieldsa setof
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Here the inner product �" �� ZD� is definedas the integral of the functions   and
Z

over the
solutiondomain �" �� ZD� � � �   Z � �
For the linear case,the problemthenformulatesinto a linear problemof the type ¡ �¢� w
at eachtime step,which is solved with e.g.a Krylov subspacemethodsuchasConjugate
Gradients.For the nonlinearcase,we obtaina nonlineardiscreteproblemwhich is solved
with aniterativemethod,e.g.Newton–Raphsoniterations,at eachtimestep.

Considernow the nonlinearmodel (7). The sameapproachasfor the linear caseare
used.For thetime–derivatives,we usecentreddifferences.Thena semi–discreteschemefor
theproblemis givenby���nm � � �� � � 
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The
l�© � a r –power on thebrackets,meansthatall expressioninsidethebracket shouldbe

evaluatedat

 � 
 �6ª �,§ � . This is performedby takingthemeanvalueof thespace–derivatives

andusingcentreddifferencesfor thederivativesof time.
Assumenow that �*����� ���� � is a finite elementbasisfor the solution spacesuch thatm-� �g� �«� � � m-�� ��� � . Expandthe brackets in (17), multiply with � 0 andapply integration

by partsto the secondorderderivativesin space,usingthe non–reflectingboundarycondi-
tion (14). If we assumethat

m �
and
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where
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Usingtheinitial conditions(12,13),we caninitialise
m 7 �

and
m ( . Hence,assumethat
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and
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Here & is theJacobimatrix with components& � µ 0 � 	 ¬ 0 a 	 m �  ��� . Further, & � and
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arethe

respectiveexpressionsevaluatedat � m-�  ��°µ � ­ m-� � m-� 7 � � . Whensomeconvergencecriterionon
theresidual! � is fulfilled, we set
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.

DIFFPACK SIMULA TOR

Thesimulatoris implementedusingthenumericalFiniteElementcomputationallibrary
Diffpack (Langtangen,1999). This packageis well suitedto the simulationof ultrasound
fieldsdueto its versatilityin structureandadaptabilityto simulationof differentpropagation
conditions.Thesimulatoris implementedasaclassin C++,derivedfrom theFiniteElement
solver classin Diffpack,andhandlesbothpulsedandcontinuouswave 3D simulations.In-
homogeneousmediaarehandledby introducingthespeedof sound� asafield over thefinite
elementgrid.

TheDiffpack library alsoincludessupportfor parallelcomputations,throughthempi–
system.Wehaveusedthis systemto implementa parallelversionof thelinearsimulator.

RESULTS, CONCLUSION AND FURTHER WORK

As examplesof thelinearwork weillustratesmallscalenearfieldsimulationsfor pulsed
Besselbeams(7-lobes)andX-Wavesfrom a6mmdiametertransducer. Thefieldsaresolved
in an

�´e
box measuring10mmwide x 10mmhigh x 7mm deep. For the X–Wave, we useB (¹�º� ] �)» C¼C (Lu andGreenleaf,1992)and

K � � »¾½ . A 2.5MHztransducerin water(speed
of sound� � � » ² � C a ? ) producesa wavelength ¿ �À� ]4Á � C¼C . Thefinite elementgrid was
definedto provide10timesoversamplingof thiswavelength,needingapproximately

r ] r » � � �ÃÂ
nodes.Thesolver thenrequires1140MBof memoryto solve this problem.Thetime stepis
setsuchthatthewave is sampledat 20 timesthefrequency, which gives

� 
 � r ] � � � � 7\Ä for
thegivennominalfrequency of 2.5MHz.

In Figures1aand1bweshow snapshotsof thepulsedBesselbeamsandX-Wavestravel-
ling throughahomogeneousmedium.Thefiguresdepictx–y planecutsthroughthecenterof



(a)Besselbeam (b) X–Wave

Figure1: Snapshotsof pulsedbeams.Directionof travel : bottomright to top left

thetransducerfor eachcase.TheCPUtime usedto solve theproblemfor thepulsedBessel
beamtravelling throughthe domain,was1.66 hoursandfor the X–Wave was4.35 hours.
Thesecomputationsweredoneon an SGI/CrayOrigin 2000computerwith the scalarlin-
earsolver. The samecomputationswerealsocarriedout on a Beowulf cluster1, using18
processors.The CPU time usedto solve the problemfor the pulsedBesselbeamwasthen
3.04minutesandfor theX–Waveit was3.33minutes.This leadsusto concludethattheCPU
timeusedto solve themodelfor linearacousticwaves,usingfinite elementmethods,is nota
problemanymore,becausethemethodis suitablefor implementationon parallelcomputers.
Theproblemwith thehugememorydemandsis still not solved.

In Figures2a and2b, the maximumfield intensityat eachpoint in spacefor the same
pulseshaving passedthrougha mediumis given. Here,a changein mediumfrom human
fat ( Å�ÆÈÇ6É)Ê^Ë¾Ì
Í^Î ) to muscle( Å�ÆÀÇ@Ï^ËDÇ6Ì
Í^Î ) is includedin theform of anabruptboundary
changeangledat45degreesfrom bottomright to topleft. In bothcasesthediffractioneffects
at the boundaryarevisible. Notably we observe the nondiffracting propertyof the Bessel
beamcloseto thetransducersurfacedegradingconsiderablyuponimpactwith theboundary.

(a)Besselbeam (b) X–Wave

Figure2: Maximumintensitiesin inhomogeneousmedia.Directionof travel : bottomto top

1A clusterof 24Dual500MHzPentium-IIIcomputerswith 512MBmemoryeachandrunningtheoperating
systemLinux



Figure (3)a shows a snapshotof the pulsedBesselbeamin nonlinearmedium,while
Figure(3) shows themaximumfield intensity. This is a 2D simulationin a � � C¼CÐ�ÒÑ¾C¼C
domain,with a6mmwide transducer. For theparametersin themodelwehaveused

= aTq �» ] ��� w � ² ]4Ó � � � 7 Â C � a ? and |Ô� � �^�^�)¶\Õ a C¼eT]
Our initial resultsthereforesuggestthatfinite elementsexhibit strongpotentialfor flex-

ible andrealisticsimulationof ultrasoundpulses,althoughtechniquesto reducethememory
demandsof thecurrentsolveralsoneedto beinvestigatedin orderto enablesolutionof large
scalesystems.

(a)Snapshot (b) Maximumintensities

Figure3: 2D simulationin anonlinearmedium.
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