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INTRODUCTION

This articlereportssomepreliminaryresultsin the developmenbf afinite elementsim-
ulatorfor ultrasonicfieldsusingthe numericalprogrammindibrary Diffpack. In our present
work, we arecombiningthe studyof linearly—basedimited diffractionbeamgBessebeams
and X—Waves)with the developmentof a finite elementpackageor analysisof linearand
nonlinearmediain orderto comparenow suchwavesbehae in thetwo cases.The medium
may be eitherhomogeneousr inhomogeneousThe main contentof this paperis on the
linear model, but we also include somerecentdevelopmentson propagationn nonlinear
medium.

PROPAGATION MODELS, BESSELBEAMS AND X-WAVES

BessebeamgDurnin, 1987)andX-Waves(Lu andGreenleaf1992)arelimited diffrac-
tion solutionsto thelosslesdinearwave equation
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in which ¢ is the speedof sound. One variantof Besselbeamsand X-Waves are thoseof
orderzero

p(r, 2,t) = Jo(ar)elB==1 Bessel Beam, (2)
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Theseexhibit circular symmetryandarethereforewell suitedto implementatioron annular

arrays. Hereqy is a constantw is the frequeng, r is the distancefrom the centerline of
thetransducerz is the propagatiordistancerom thetransducesurface,and(, « aredesign

p(r, z,t) = X — Wave. (3)




parametersvith 5 = /(w/c)? — o2. See(Lu, 1997;Holm, 1998;Fox andHolm, 1999)for
detailsof designandimplementation.For the purposef simulation,we usethe real parts
of (2), (3) to generatehe transducesurface pressurexcitationat = = 0. The domainof
computatioris takento beabox ) € R? over positive time andwith initial condition

p(il?,t()) = Do, T e Qa (4)
0
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wherep, is thesteadystate(atmosphericpressureTheboundarydf? of thedomain2 is then

dividedinto two parts,0Q2r anddS)r. suchthato)r is the partof theboundaryonwhichthe

ultrasoundransduceis located andof)r- is theremainder Thewavesin (2,3) aregenerated
on thetransducef2r, andin the latter region we adopta first ordernon-reflectingooundary
(EngquistandMajda,1977)

op  10p

on  cot’

The longtermobjective of our work is thento comparehow the Besselbeamsand X—

Waves behae underthe idealisedlosslesdinear conditionsof (1) and the more complec

lossynonlinearpropagatiorconditionsdefinedin (Makaror and Ochmann, 1996; Makarov
andOchmann1997)by the system

T € GQTC (6)
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Here, ¢ is the velocity potential, p, is the density b is the absorptionparameteand B/ A is
thenonlinearityparameterTheproblemis solvedon somedomain2 € R? for positivetime.

By ignoringthenonlineartermsandthelossytermin therelation(8), we getthesimpler
relation

Dy
— Do = pp——= 11
P=Po=pog (11)

which may be usedasa replacementor the pressure— velocity potentialrelation(8). We
assumehatthe systemis at restinitially. Further we may combinetheinitial conditionfor
the pressurg4) andthe pressure— velocity potentialrelation(11) to obtaina secondnitial
conditionfor the velocity potential,

(Jp(x7t0) = Yo, VS Qa (12)
0
a_(f(xatO) = 0: S Q: (13)

On the transduceboundaryoS2r, we combinethe relation (11) andthe wave—ecpres-
sions(2,3) to setthe boundaryconditionin termsof the velocity potentialy. Sincethe non-
linearmodelis an extensionof the linear model,we alsoadoptthe absorbingooundarycon-
dition (6) on therestof theboundarydS2;., for thenonlinearmodel,i.e

dp _ 10p

an = —Ea, T € 8QTC (14)



NUMERICAL METHOD

Ourapproachs to usea Galerkinfinite elementmethodin the spacedomain,combined
with afinite differenceapproximatiorof the time derivatives. Considerthelinearmodel(1).
Assumethatp™ = p"(z) is thepressurattimet, = n - At. Thenasemi-discretschemedor
the problemis givenby
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Assumenow that{N;}""  is afinite elementbasisfor the solutionspacesuchthatp”(z) ~

>; piN;. Multiply (15)with N; andapplyintegrationby partsto the secondorderderivative

in spaceusingthe non—reflectingpoundarycondition(6). This yields a setof m equations
for theunknawns:
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p"N;dn — (Vp", VN;) + (2p"™ — pv Nj), j=1,...,m,
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Here the inner product(u, v) is definedas the integral of the functionsu andv over the

solutiondomain
(u,v) :/uvdx
Q

For the linear case the problemthenformulatesinto a linear problemof thetype Az = b
at eachtime step,which is solved with e.g.a Krylov subspacenethodsuchas Conjugate
Gradients. For the nonlinearcase,we obtaina nonlineardiscreteproblemwhich is solved
with aniterative method,e.g.Newton—Raphsoiterations,at eachtime step.

Considernow the nonlinearmodel (7). The sameapproachasfor the linear caseare
used.For thetime—dervatives,we usecentreddifferences Thena semi—discretaschemeor
the problemis givenby
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Then + 1/2—power on the braclets, meanshatall expressioninsidethe braclet shouldbe
evaluatedatt = t,.1/,. Thisis performedby takingthe meanvalueof the space—devatives
andusingcentreddifferencedor the derivativesof time.

Assumenow that {N;}!" is a finite elementbasisfor the solution spacesuch that
¢™(z) = Y, ¢ N;,. Expandthe bracletsin (17), multiply with N; andapply integration
by partsto the secondorderderivativesin spaceusingthe non-reflectingopoundarycondi-
tion (14). If we assumehat o™ and¢™! is computedhis yields a nonlinearproblemfor
g0n+1

F(e™ ™, ") =0,



whereF' is thefunctionwith components
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Usingtheinitial conditions(12, 13), we caninitialise ¢! and¢®. Hence,assumehat ™!
andy™ arecomputed.If we setp™ ™9 = ¢, ahopefully betterapproximatiornto ¢! can
be computedby Newton—Raphsoiiterations

Jka = _Fk, Whererk == Spn+17k+1 - gon—l—l,k’ k= Oa 15 2a e (19)

Here J is the Jacobimatrix with components/; ; = 0F;/0¢}+!. Further J* and F* arethe
respectie expressiongvaluatedat (" +1*; ", " 1). Whensomeconvergencecriterionon
theresidualr® is fulfilled, we setpntt = @ntbE+L,

DIFFPACK SIMULATOR

Thesimulatoris implementedisingthe numericalFinite Elementcomputationalibrary
Diffpack (Langtangen1999). This packageis well suitedto the simulationof ultrasound
fieldsdueto its versatilityin structureandadaptabilityto simulationof differentpropagation
conditions.The simulatoris implementedasaclassin C++, derivedfrom the Finite Element
solver classin Diffpack,andhandlesboth pulsedandcontinuousvave 3D simulations.In-
homogeneoumediaarehandledby introducingthe speedf soundec asafield overthefinite
elemengrid.

The Diffpacklibrary alsoincludessupportfor parallelcomputationsthroughthe mpi—
system.We have usedthis systemto implementa parallelversionof thelinear simulator

RESULTS, CONCLUSION AND FURTHER WORK

As examplesof thelinearwork we illustratesmallscalenearfieldsimulationsor pulsed
Bessebeamq7-lobes)and X-Wavesfrom a 6mmdiametertransducerThefieldsaresolved
in anR?® box measuringlOmmwide x 10mmhigh x 7mm deep. For the X—-Wave, we use
ap = 0.05mm (Lu andGreenleaf1992)and( = 15°. A 2.5MHztransducem water(speed
of soundc = 1540m/s) producesa wavelengthA = 0.61mm. Thefinite elementgrid was
definedo provide 10timesoversamplingf thiswavelength needingapproximately2.25-10°
nodes.The solverthenrequires1140MB of memoryto solve this problem. Thetime stepis
setsuchthatthewave is sampledat 20 timesthe frequeng, which givesAt = 2.0 - 1078 for
thegivennominalfrequeng of 2.5MHz.

In Figureslaandlbwe showv snapshotsf the pulsedBessebeamsandX-Wavestravel-
ling throughahomogeneoumedium.Thefiguresdepictx—y planecutsthroughthe centerof



(a) Bessebeam (b) X—Wave

Figurel: Snapshotsf pulsedbeamsDirectionof travel : bottomright to top left

thetransducefor eachcase.The CPUtime usedto solve the problemfor the pulsedBessel
beamtravelling throughthe domain,was 1.66 hoursand for the X—Wave was 4.35 hours.
Thesecomputationsvere doneon an SGI/CrayOrigin 2000 computerwith the scalarlin-
earsolver. The samecomputationsvere also carriedout on a Beowulf clustet, using18
processors.The CPU time usedto solve the problemfor the pulsedBesselbeamwasthen
3.04minutesandfor the X—Wave it was3.33minutes.Thisleadsusto concludethatthe CPU
time usedto solve themodelfor linearacoustiovaves,usingfinite elementmethodsjs nota
problemanymore,because¢he methodis suitablefor implementatioron parallelcomputers.
Theproblemwith the hugememorydemandss still not solved.

In Figures2a and2b, the maximumfield intensityat eachpoint in spacefor the same
pulseshaving passedhrougha mediumis given. Here,a changein mediumfrom human
fat( ) to muscle( ) is includedin the form of anabruptboundary
changeangledat45 degreedrom bottomright to topleft. In bothcaseghediffractioneffects
at the boundaryarevisible. Notably we obsenre the nondiffracting propertyof the Bessel
beamcloseto thetransducesurfacedegradingconsiderablyuponimpactwith the boundary

(a) Bessebeam (b) X—Wave

Figure2: Maximumintensitiesn inhomogeneoumedia.Directionof travel : bottomto top

LA clusterof 24 Dual 500MHz Pentium-lllcomputersvith 512MB memoryeachandrunningthe operating
systemLinux



Figure (3)a shavs a snapshobf the pulsedBesselbeamin nonlinearmedium,while
Figure(3) shavs the maximumfield intensity Thisis a 2D simulationin a 10mm x mm
domain,with aémmwide transducerfFor the parameterin themodelwe have usedB/A =
5.0,b=4. -107%m?/s andp = 1000k /m?.

Ourinitial resultsthereforesuggesthatfinite elementsexhibit strongpotentialfor flex-
ible andrealisticsimulationof ultrasoundoulses althoughtechniquego reducethe memory
demand®f the currentsolver alsoneedto beinvestigatedn orderto enablesolutionof large
scalesystems.

(a) Snapshot (b) Maximumintensities

Figure3: 2D simulationin anonlinearmedium.
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